Abstract-In this paper, we propose a polynomial fuzzy observer controller for nonlinear systems, where the design is achieved through the stability analysis of polynomial-fuzzy-model-based (PFMB) observer-control system. The polynomial fuzzy observer estimates the system states using estimated premise variables. The estimated states are then employed by the polynomial fuzzy controller for the feedback control of nonlinear systems represented by the polynomial fuzzy model. The system stability of the PFMB observer-control system is analyzed based on the Lyapunov stability theory. Although using estimated premise variables in polynomial fuzzy observer can handle a wider class of nonlinear systems, it leads to a significant drawback that the stability conditions obtained are nonconvex. Matrix decoupling technique is employed to achieve convex stability conditions in the form of sum of squares. We further extend the design and analysis to polynomial fuzzy observer controller using a sampled-data technique for nonlinear systems, where only sampled-output measurements are available. Simulation examples are presented to demonstrate the feasibility and validity of the design and analysis results.
I. INTRODUCTION
T AKAGI-SUGENO (T-S) fuzzy model [1] , [2] has been widely used as a modeling tool for nonlinear systems. It represents nonlinear systems as a combination of local linear subsystems weighted by membership functions. This particular modeling structure allows analysis techniques and control methods used for linear systems to be applied. Recently, a polynomial fuzzy model [3] , [4] was proposed to generalize the T-S fuzzy model. The modeling process is achieved by sector nonlinearity technique [5] , which was extended using Taylor series expansion [6] to establish progressively precise polynomial fuzzy models. Based on the T-S or polynomial fuzzy model, Lyapunov stability theory [7] was employed as a mathematical tool to analyze the system stability. Stability conditions in terms of linear matrix inequalities (LMIs) [5] , [8] and sum-of-squares (SOS) approach [9] are employed for T-S and polynomial fuzzy models, respectively, which can be numerically solved by convex programming techniques. Together with stability analysis, control synthesis can be achieved by the concept of parallel distributed compensation (PDC) [3] , [7] and solving LMIs or SOS conditions rather than by predefining the feedback gains using trial and error or other design techniques (for example, pole placement).
Following the basic framework of fuzzy-model-based (FMB) stability analysis, three major research directions have been extensively investigated [10] , [11] . The first direction is reducing the conservativeness of stability conditions by investigating the fuzzy summations. Due to the abandon of membership functions during the analysis, stability conditions are only sufficient but not necessary. To relax the stability conditions, the fuzzy summation was investigated in [12] and [13] , and further generalized by Pólya's theory in [14] and [15] . The second direction is the variation of Lyapunov function candidates, for instance, a quadratic Lyapunov function [7] , a switching Lyapunov function [16] - [18] , a fuzzy Lyapunov function [19] - [21] , a piecewise linear Lyapunov function [22] , [23] , and a polynomial Lyapunov function [18] , [20] , [24] . The third direction is the membership-function-dependent analysis, which brings the information of membership functions into stability analysis, such as using symbolic variables [6] , [25] , [26] , polynomial constraints [27] , approximated membership functions [28] , [29] , and other techniques [21] , [30] - [32] . Slack matrices are employed to carry the information of membership functions to stability conditions through S-procedure [33] at the expense of computational demand.
Based on the development of relaxed stability conditions, an FMB control strategy is extended to control problems, such as uncertainty [34] , sampled-data system [35] , [36] , and output feedback [37] . Observer, being used in one of the output feedback control schemes, is exploited to estimate the states of systems when the output is only available for measuring. Fuzzy observer was proposed in [8] for the nonlinear system represented by the T-S fuzzy model. Under the restriction that the fuzzy model and fuzzy observer share the same set of premise membership functions depending on measurable premise system states, separation principle [38] can be applied to design the fuzzy controller and fuzzy observer independently. To widen the applicability of the fuzzy observer, the case that fuzzy observer with premise membership functions depending on estimated premise system states was considered in [39] . However, a two-step procedure was needed to solve the nonconvex stability conditions [39] . Various techniques, such as matrix decoupling [40] , completing squares [41] , Finsler's lemma [42] , and descriptor [43] , were proposed to approximate the nonconvex stability conditions by convex stability conditions such that convex programming techniques can be applied to numerically obtain feasible solutions. More recently, the fuzzy observer has been generalized to a polynomial fuzzy observer [44] . However, only measurable premise variable was considered in the premise membership functions of both the polynomial fuzzy model and polynomial fuzzy observer, and two steps were required to design the polynomial controller and observer gains. To the best of our knowledge, a polynomial fuzzy observer with premise membership functions depending on unmeasurable premise variable has not been addressed.
Sampled-data control system is a control system whose states are measured only at the sampling instants. The zero-order hold unit keeps the control signal constant between sampling instants, which complicates the system dynamics, and makes the stability analysis much more difficult. Various methods were proposed to investigate the stability of a sampled-data control system, such as a lifting technique [45] , a hybrid discrete/continuous approach [46] , an input delay approach [47] , and an exact discrete-time design approach [48] . Among these approaches, an input delay approach represents the discrete-time input measurements into time-delayed input measurements, and makes continuous-time stability analysis applicable to sampled-data control systems. Combined with an FMB control, fruitful results were obtained [49] - [53] for full-state feedback case. Sampleddata fuzzy observer controller receives much less attention because of its complexities on stability analysis. Fuzzy observer [54] - [56] or dynamic output feedback [57] , [58] using sampledoutput measurements can be found in the literature for nonlinear systems represented by T-S fuzzy models. To the best of our knowledge, polynomial fuzzy observer has not been applied to systems with sampled-output measurements.
Although polynomial fuzzy observer controller and sampleddata polynomial fuzzy observer controller are relatively less investigated, they are vital to the nonlinear control systems when full states are not available for performing feedback control. It motivates us to investigate the system stability of polynomialfuzzy-model-based (PFMB) observer-control systems. We consider the polynomial fuzzy controller and polynomial fuzzy observer whose premise membership functions depend on estimated premise variables. Matrix decoupling technique [40] is employed to achieve convex SOS-based stability conditions. Moreover, we consider the polynomial fuzzy observer using sampled-output measurements for state estimation. Input delay approach [47] is employed to investigate the system stability. This paper is organized as follows. In Section II, notations and the formulation of polynomial fuzzy model, polynomial fuzzy observer, and polynomial fuzzy controller are described. In Section III, stability analysis is conducted for PFMB observercontrol system, and further for systems under sampled-output measurements. In Section IV, simulation examples are provided to demonstrate the feasibility and validity of stability conditions. In Section V, a conclusion is drawn.
II. PRELIMINARY

A. Notation
The following notation is employed throughout this paper [9] . A monomial in
T is a function of the form x polynomial p(x(t) ) is a finite linear combination of monomials with real coefficients. A polynomial p(x(t)) is an SOS if it can be written as p(x(t)) = m j =1 q j (x(t)) 2 , where q j (x(t)) is a polynomial, and m is a nonnegative integer. It can be concluded that if p(x(t)) is an SOS, then p(x(t)) ≥ 0. The expressions of M > 0, M ≥ 0, M < 0, and M ≤ 0 denote the positive, semipositive, negative, and seminegative definite matrices M, respectively. The symbol "*" in a matrix represents the transposed element in the corresponding position.
B. Polynomial Fuzzy Model
The ith rule of the polynomial fuzzy model for the nonlinear system is presented as follows [3] :
T is the state vector, and n is the dimension of the nonlinear system; f η (x(t)) is the premise variable corresponding to its fuzzy term M i η in rule i, η = 1, 2, . . . , Ψ, and Ψ is a positive integer; A i (x(t)) ∈ n ×N and B i (x(t)) ∈ n ×m are the known polynomial system and input matrices, respectively; u(t) ∈ m is the control input vector; y(t) ∈ l is the output vector; C i (x(t)) ∈ l×N is the polynomial output matrix. The dynamics of the nonlinear system is given bẏ
where p is the number of rules in the polynomial fuzzy model; w i (x(t)) is the normalized grade of membership, 
C. Polynomial Fuzzy Observer
For brevity, time t is dropped from now. Considering premise variable f η (x) depending on unmeasurable states x, we apply the following polynomial fuzzy observer to estimate the states in (1). The ith rule of the polynomial fuzzy observer is described as follows:
n is the estimated state x;y ∈ l is the estimated output y; L i (x) ∈ N ×l is the polynomial observer gain. The polynomial fuzzy observer is given bẏ
It can be seen from (2) that the membership functions of polynomial fuzzy observer depend on estimated system statesx rather than original system states x.
D. Polynomial Fuzzy Controller
With a PDC design approach [3] , [7] , the ith rule of the polynomial fuzzy controller is described as follows:
m ×N is the polynomial controller gain. The polynomial fuzzy controller is given by
Note that in (3) both the premise variable and the controller gain depend on estimated statesx.
E. Useful Lemmas
The following lemmas are employed in this paper. Lemma 1: With X, Y of appropriate dimension and β > 0, the following inequality holds [59] :
Lemma 2: With P, Q of appropriate dimension, Q > 0 and a scalar γ, the following inequality holds [59] :
Lemma 3 (Jensen's Inequality): With x(t), Q of appropriate dimension, Q > 0 and h > 0, the following inequality holds [60] : 
III. STABILITY ANALYSIS
In this section, the stability analysis is carried out for PFMB observer-control systems. The formulation of closedloop PFMB observer-control systems are provided first. Then, based on Lyapunov stability theory, the stability conditions are obtained in terms of an SOS. Matrix decoupling technique is employed to obtain convex SOS-based stability conditions. Finally, using similar techniques, we extend the stability analysis to systems with sampled-output measurement.
A. Polynomial Fuzzy Controller and Observer
The estimation error is defined as e = x −x, and then, we have the closed-loop system (shown in Fig. 1 ) consisting of the polynomial fuzzy model (1), the polynomial fuzzy controller (3), and the polynomial fuzzy observer (2) as follows:
The control objective is to make the augmented observercontrol system [see (5) and (6)] asymptotically stable, i.e.,x → 0 and e → 0 as time t → ∞, by determining the polynomial controller gain G k (x) and polynomial observer gain L j (x).
Theorem 1: The augmented PFMB observer-control system [formed by (5) and (6)] is guaranteed to be asymptotically sta-
. . , p, and predefined scalers α 1 > 0, α 2 > 0, β > 0 such that the following SOS-based conditions are satisfied:
where
ν is an arbitrary vector independent of x with appropriate dimensions; ε 1 > 0, ε 2 > 0, ε 3 (x,x) > 0 and ε 4 (x,x) > 0 are predefined scalar polynomials; and the polynomial controller and observer gains are given by
T and the summation term
, the augmented PFMB observer-control system is written asż
The following Lyapunov function candidate is employed to investigate the stability of the augmented PFMB observercontrol system (24) :
where P = 
Therefore,V (z) < 0 holds if
Remark 1: The augmented PFMB observer-control system (24) is guaranteed to be asymptotically stable if V (z) > 0 by satisfying P > 0 andV (z) < 0 by satisfying (33) excluding x = 0. It should be noted that the condition (33) is not convex. If the condition (33) is applied, the polynomial fuzzy controller gain G k (x) and polynomial fuzzy observer gain L j (x) are needed to be predetermined.
In the following, we apply a congruence transformation and matrix decoupling technique to obtain convex SOS stability conditions such that the polynomial fuzzy controller gain G k (x) and polynomial fuzzy observer gain L j (x) can be obtained using convex programming techniques.
Performing congruence transformation to (33) by premultiplying and postmultiplying
to both sides and denoting
wherê (19) and (20), respectively.
Applying Lemma 1, we have
Φ (13) is defined in (16) . Using a matrix decoupling technique [40] to further separate decision variables in order to obtain convex SOS stability conditions, we rewrite Υ ij k (x,x) as follows:
Remark 2: The decoupled matrix in (42) is related to the polynomial fuzzy controller gain G k (x), while the one in (43) is related to the polynomial fuzzy observer gain L j (x). In this case, more arrangement can be imposed on (43) without affecting (42) , which is already a convex problem. Other techniques such as completing squares (Lemma 1 and Lemma 2) [41] , and Finsler's lemma [42] can also be used to further separate decision variables instead of a matrix decoupling technique [40] . However, they increase the dimension of matrices or increase the number of decision variables resulting in higher computational demand. In contrast, using a matrix decoupling technique leads to smaller dimension of matrices or less number of decision variables at the expense of larger number of stability conditions.
Performing congruence transformation to (45) by premultiplying and postmultiplying diag{Y, Y} to both sides, denoting M j (x) = YL j (x) and, then, applying Schur complement to both (44) and (45), we obtain
where Φ ij k (x,x) and Θ ij k (x,x) are defined in (11) and (12), respectively. By grouping terms with same membership functions,V (z) < 0 can be achieved by satisfying conditions (9) and (10) . The proof is completed.
B. Polynomial Fuzzy Controller and Observer With Sampled-Output Measurement
Considering premise variable f η (x) depending on unmeasurable system states x and output matrix C i not depending on system states x, we denote sampled output y as y s , where y s = y(ts), ts,s = 1, 2, . . . , ∞, is the sampling time and ts +1 − ts ≤ h. The input delay approach [47] is employed to represent the sampling behavior. Denoting τ (t) = t − ts < h, for ts ≤ t < ts +1 , the sampled output vector can be written as y s = y(t − τ (t)). Similarly, the sampled system state vector can be written as x s = x(t − τ (t)).
Remark 3: In case using sampled-output measurements, the output matrix C i does not depend on system states x. If C i (x) is considered to be a polynomial matrix of x, C i (x s ) and C i (x s ) will exist in the stability analysis, which is more difficult to be handled. Therefore, constant output matrix C i is considered in this paper to ease the design and analysis.
We apply the following polynomial fuzzy observer to estimate the system states in (1): wherex s ∈ n andy s ∈ l are the estimated sampled system states and output, respectively.
With the PDC design approach [3] , [7] , the polynomial fuzzy controller is given in (3) . Recalling that the estimation error is defined as e = x −x, we define the sampled estimation error as e s = x s −x s and, then, we have the closed-loop system (shown in Fig. 2 ) consisting of the polynomial fuzzy model (1), the polynomial fuzzy controller (3), and the polynomial fuzzy observer (48) as follows:
The control objective is to make the augmented observercontrol system [see (50) and (51)] asymptotically stable, i.e., x → 0 and e → 0 as time t → ∞, by determining the polynomial controller gain G k (x) and polynomial observer gain
Theorem 2: The augmented PFMB observer-control system [formed by (50) and (51)] is guaranteed to be asymptotically stable if there exist matrices
, k = 1, 2, . . . , p, j = 1, 2, . . . , p, and predefined scalers α 1 > 0, α 2 > 0, α 3 > 0, α 4 > 0, β > 0, and γ such that the following SOS-based conditions are satisfied:
m (x) −QΛ (12) ij (x) +Q 0Λ (14) m (x) * − 2QQΛ (24) 
m (x) = 0 0 0 hΞ
ν is an arbitrary vector independent of x with appropriate dimensions; ε 1 > 0, ε 2 > 0, ε 3 > 0, ε 4 (x,x) > 0, and ε 5 (x,x) > 0 are predefined scalar polynomials; and the polynomial controller and polynomial observer gains are given by 
The following Lyapunov function candidate is employed to investigate the stability of the augmented PFMB observercontrol system with sampled-output measurements (80): 
Denoting augmented vectors
T , and using Lemma 3, we obtain
Applying Lemma 2 to the term −PQ −1 P and, then, performing congruence transformation to (95) by premultiplying and postmultiplying diag{P
(105)
j km (x,x) are defined in (75) and (76), respectively.
Similar to the development in Section III-A, applying Lemma 1 and matrix decoupling technique [40] to further separate decision variables, we get
+ βΦ (12) (Φ (12) )
Λ (14) m (x) = 0 0 0 hΞ
j km (x,x) are defined in (67) and (68), respectively.
Denoting the summation terms
Performing congruence transformation to (119) by premultiplying and postmultiplying diag{Y, Y, Y, Y, Y, Y, Y, Y} to both sides and applying Schur complement to both (118) and (119), we obtain
and Θ ij lm (x,x) are defined in (57) and (58), respectively. By grouping terms with same membership functions,V (z) < 0 if conditions (55) and (56) hold. The proof is completed.
IV. SIMULATION EXAMPLES
In this section, three simulation examples are provided to validate the proposed stability conditions. In the first example, we consider the stabilization control problem for an inverted pendulum using the proposed PFMB observer controller. In the second example, sampled-output measurements are considered for the same control problem. In the third example, a nonlinear mass-spring-damper system is also stabilized by the designed PFMB observer controller.
A. Inverted Pendulum
In this example, we consider an inverted pendulum on a cart [7] in the following state space form:
T is the state vector; g = 9.8 m/s 2 is the acceleration of gravity; m p = 2 kg and M c = 8 kg are the mass of the pendulum and the cart, respectively; a = 1/(m p + M c ); 2L = 1 m is the length of the pendulum; and u(t) is the control input force imposed on the cart.
Defining the region of interest as
180 , To reduce computational burden, other nonlinear terms sin(x 1 ) and tan(x 1 ) are approximated by polynomials: sin(x 1 ) ≈ s 1 x 1 and tan(x 1 ) ≈ t 1 x 1 , where s 1 = 0.8578 and t 1 = 1.5534. As a result, the inverted pendulum is described by a two-rule polynomial fuzzy model. The system and input matrices in each rule are given by
,
and
The measurement of output provided by sensors may be affected by some physical influence, such as the angular velocity of the inverted pendulum. Therefore, similar to the example in [40] , we suppose the output is a function of system states: y = x 1 + 0.01x 1 x 2 . Then, the output matrices are C 1 (x 2 ) = C 2 (x 2 ) = [1 + 0. . It is assumed that both system states x 1 and x 2 are unmeasurable.
It can be seen that the premise variable f 1 (x 1 ) and the output matrix C i (x 2 ) all depend on unmeasurable system states x 1 or x 2 and, thus, Theorem 1 is employed to obtain a PFMB observer controller to stabilize the inverted pendulum. We choose T . We apply the above polynomial controller gains and polynomial observer gains to the original dynamic system of the inverted pendulum (124). Considering four different initial conditions, the inverted pendulum is successfully stabilized, where the time response of system states is shown in Fig. 3 . To demonstrate the estimated system states offered by the polynomial fuzzy observer, we choose one of the above initiation conditions x(0) = [ 
0]
T for demonstration purposes, and the estimated system states are shown in Fig. 4 . The corresponding control input is shown in Fig. 5 . It can be seen that the proposed polynomial fuzzy observer is an effective tool for nonlinear systems to observe unmeasurable states.
B. Inverted Pendulum With Sampled-Output Measurements
In this example, we consider the same inverted pendulum in (124). In addition, sampled-output measurements are employed for the design of PFMB observer controller, where the sampling interval is chosen to be h = 0.05 s. The output is assumed to be a function of system states: y = −0.161f 1 (x 1 ) + 1.1841. Consequently, the output matrices are C 1 = [1.1 0] and C 2 = [0.9 0]. The membership functions are the same as the first example.
Theorem 2 is employed for the design of PFMB observer controller. We choose α 1 = 1 × 10 6 , α 2 = 1 × 10 T . The above polynomial controller gains and polynomial observer gains are applied to the original dynamic system of the inverted pendulum (124). Considering four different initial conditions, the time response of system states is shown in Fig. 6 , which shows that the inverted pendulum can be successfully stabilized. Choosing initiation conditions x(0) = [ 
0]
T for demonstration, the estimated system states are shown in Fig. 7 . The corresponding sampled output and control input are shown in Fig. 8 . As is exhibited in Fig. 8(a) , the measured output is kept to be constant during the sampling interval. Although the sampling activity increases the difficulty of controlling the inverted pendulum, the proposed polynomial fuzzy observer controller can successfully stabilize the inverted pendulum using the sampled-output measurements.
To compare the proposed control strategy with some relevant published papers, the polynomial fuzzy model used to represent the inverted pendulum is more general than the T-S fuzzy model considered in [40] - [43] , [50] , [54] - [58] . The unmeasurable premise variables appeared in these examples provide more freedom for designing a polynomial fuzzy model than measurable premise variables in [44] . Furthermore, one step design of the observer controller is achieved instead of two steps [44] or iterative procedure [50] . The controller is allowed to be polynomial and the output matrix C is allowed to be different in each fuzzy rule, both of which are more general than [53] . Additionally, the maximum sampling interval 0.018 s achieved in [50] for the inverted pendulum is exceeded in this paper benefited from the continuous-time polynomial fuzzy observer.
The computational time for checking the SOS conditions of Theorems 1 and 2 for the inverted pendulum are 57.236 and 1994.563 s, respectively. The computational time for higher dimensional system may be more than the above values.
C. Nonlinear Mass-Spring-Damper System
We follow the same control strategy in previous examples to stabilize a nonlinear mass-spring-damper system whose dynamics is given by [61] and stated as follows:
where M is the mass; g( Time t is dropped from now for simplicity. Denoting x 1 and x 2 as x andẋ, respectively, and
T , we obtain the following state-space form:
The nonlinear term f 1 (x 2 ) = cos (5x 2 ) is represented by a sector nonlinearity technique [6] as follows: As a result, the nonlinear mass-spring-damper system is described by a two-rule polynomial fuzzy model. The system and T . Considering four different initial conditions, the time response of system states is shown in Fig. 9 , which shows that the nonlinear mass-spring-damper system can be stabilized by the designed polynomial fuzzy observer controller. Choosing initiation conditions x(0) = [1 0] T andx(0) = [0 0] T , as an example, the estimated system states are shown in Fig. 10 . Consequently, it is feasible to apply the proposed PFMB observercontrol strategy for stabilization of nonlinear systems. The MATLAB codes for these simulation examples can be downloaded by the following link: http://www.inf. kcl.ac.uk/staff/hklam/docs/MatlabCodes(paper105).zip. Readers may use the codes to easily implement the proposed polynomial fuzzy observer controllers.
V. CONCLUSION
In this paper, the stability of a PFMB observer-control system has been investigated. Two classes of PFMB observer controllers have been considered. The first class considers continuous system output in the design, while the second class considers the sampled-output measurements. In both classes, the polynomial controller gains and polynomial observer gains are allowed to be a function of estimated states. Moreover, the premise variables are allowed to be unmeasurable which complicates the stability analysis, but enhances the applicability of the proposed PFMB observer-control scheme. Matrix decoupling technique has been employed in the stability analysis to obtain convex SOS stability conditions. Simulation examples have been presented to verify the stability analysis results, and demonstrate the effectiveness of the proposed PFMB observer-control scheme.
